Bia D Notation
Runtime ~ the numbes of
computer steps the al ovithw
takes as o function of the
size of the ivput

Keep only largest term, omit
constants

Pb':’nomia\ > efficient
Exgonential = intractable

O-> upper bouad
L= lower YPennd
B 2>Same vobe

|[Master Theovem

T(») = al (—%) + O(v\ ‘)

| Breadth First Seavch O(ved)

if velation is of the form

- Graph traversal Hhat vk

all nodes el by’cwl.
| UNWEIGHTEY

S‘l‘rov\g |j (evvected Componenk

O(nlogn) 1f d=!

(W= {o(n‘) T d>log,
O(n'ogwa) £ e

P"Qthg Aggmpl-om Kelahmé
i€ lim £(n
¢>D

el b W
it lim .(i_).sc, ‘F(v\)=9(5(-\))

n-=2m yo‘)
it lim +(»)

< ™, ‘H"‘)c OQ(“))

GrqehJ

-a sel of vertices awd

OFS: graph tvaversal that

ra*h.

| Preovder - arder by time when

node is first visited

Postorder - ovder by time when
nede s done cx(lom'n](.‘udu.h'q}

al child nnlcs)

il 0,4() =-(9(%]) Ruptime: o(1vl +IE))

Aiv‘cd‘ad /unalil‘cd-eo‘ e«lgcs

visils all nodes down ome path
before mvinj on to another

-Subset of wertites v whith
there 75 o 'oaﬂ‘ o evevy
vertts o every ofhhev
veri-u ("7 clc)

how b bnd? kosavaju's alqorithm
| revevie all edqes in qragh 6 b Create a*
2.vwn DFS and keep bratc of post evder valves
3.vwm DFS m & stavting with next availaple verkex
with hightst past ovitr vale
Repeal wnti| all vertice,
have been visited,

Recurrenice Relations

- fanckion Fov amount of
workinﬂ neceded +o selve a
problem of size w using
Smaller subproblems

n(n+)
l1+2434...4n= 32 = 0(n?)
all=r")
atartartq .. tar™ - T

antavetart + ... = 1oy

for & series O(I)+O(2)+. -
+ 0((’('\)) ,vantime T3 O{«(—(n))

Divide and (onquev

1. Divide: break large PNNCM
i'\‘l'o .SW\A“CV’ 3vbrf0bkM5

L. (onqmer: recarsively  Solve
each subproblem

2. Combine | Combinc the gnswers
ot the Subproblcm

Edge Types
PV“' of the PDF5 trec

cki“ ACSCM d on+

ar(es "-0/

DFS uses

- if mpb\ has a cycle
"I’O'o{o’v‘ca' sort of sgra,oh

Topolovqo‘ca' Sert

such thot for eviry ¢d]c

verkbwe v,

graphs

free CJJ¢3|eads o a Lh’o“,
forward eJ’c‘- leads o 4 non
Dack edqe: leads fo on ancestor

(voss e&yc'- leads +0 a nede that
is neifher a descendant wnor an

“Paf“ betweew 2 veptices +delet:

Q-‘ikﬁrg'.s Alggrif’kw\ (weighted &)
-Finds shorfest path from a
shrh‘v vertex fo all vertices
in graph.

1. Tnsert all vertices into PQ,
sovting
of distawce frim souvce,
-Tw "{-"4“7, sowte digtance
s D, ofwerc are

vertices Tn svder

Z'chedf antil V@ 3 e_mply
“remove clagest/smollest
vertex from PQ and
velox all e‘da fo?nh‘-y
from v.

-update distance to
neighb®ring verhices u
i€ dist(v] + weight (u,v)
< dist[u]

Runfime : inscrfia }V} Hmes
" min [V|¥VHwmes and

€| +imes.

—.‘Ind Lanuec’fd CDM(OJ‘CV\{'S

Ens | De| | Upd | Tof

o) [ow | ow) |otvee)

Bt‘n.ﬁu(

IDL"’VJ U‘JV) O(IOJ')IO(CV&Q

-linear ordering of verfices
(,“,V),"‘ff'tx U (omnty before

Works "“,‘l "m o‘ir&d’&&,a(’clu

reedy Algocithms o

ys chopse the locally optimal
decision (what looks best aF the

~Prove using excl\m,e av:,umen#
Show that fhe de’ choice s
at least as JOod as any other



Exchange Arjumcu’fz

1¢ LC'," & be l‘&u‘tj
GW{"W\' o 0 be
opHMal M"’pui’

2. Fead frmt place where
G and O o(.‘:'a‘]re.c.
b picks 9, O picks o.

3. Meal?ld D +o t~clude
b‘y remouing o if
wce&eol,swa'o,av,e,fc.

Y. Show all consfFraints
still hold awd vValwe
ot modifred O = value
of oﬁy”\al 0.

5. Thevetrre, the new O
s vptimal alse. You
can re/w{' for evevy
differin \i'b between

O and (. Eventually,
O will pe Modf{c‘ccP

| Dyname P :

"Reusc M{o.rwm-l-:'on Hat
has alf&adj begn compu ted
and stre Tt 5o we do netf
need +o compute it aju‘n

A.Define the subproblem
Z.Iolu'k{y Hoe base case
3. Fiad Hae yrecwrvence relation
Y. Construct the order o
solve  +he Subproblems
- Botom wp afprouhis*arl'
from base case and build
up o n
~Top dewn approach : Start from
n and recarsively call down
to base case
S.Find e £inal solution
b. Solve €or runtime aud Space
(.onple,gﬂy
~Time= 0 (& subproblems * Fime
bor A sub roncm)
'Spqcc = O g Subproblc.m;)

| Grapy Examgle

Given graph G =(VE) awd

vertex o let p(V)= H of shestet
paths from s b v, P[S):'I. Design
algorithm o find plv) for every
vtrfu,’o\lb\ G v undirected and
Mwe?‘, hied,

Use BFS. When vfso’f?ny edge
u=av, if v distaace D & set
to dit[u]«l, set # paths[v] +:=
Hpaths[u], Append all uuseen
Mn’:l\bon ot u b quene.

Bellman Ford

- Fo ssible wegqafive edge
w:f’phbi_j ¢, ]

Lt dﬁ"’(sj:'O and all othens
fo O°:

Repeat V-1 +imes [Relax gd,e
(w,v) bd setting drstv] = min (
dtsf'[v], drst (4] + w(u, v))

Hawe +o do V-| passes since

]n?ﬁall‘y, Only Soure «as tovrech

AMter |Ypess,’ Fiet edgesy ove
tato G and pe ’PF"\““" T. Prove  correctness with terrect, o continuc ’paﬂcm wak]
so G s also optimal, induciion. Ruatime: O(VE) V-[ (layt) edge,

DP EKQO“"& | OP Exdﬂ?le 2 D‘C am le

Kaa,sqok with Lap W aud

A -I-vpe.s of items, Ttom i haog
weight w; ,value V;,

F: max fotal valwne.

1.Subprovlem
DP(i, w) = may val wifh items
L+ ; with cap W

' Aon’F eves
“USC

loluurrcnoe, Rct.h‘w, 4 ‘)“""
DP(i,w) —max 0P(i-], w)
OP(\‘, w 'W.') +V;
Ruse ifen

3- bau caic
bP(o,w) =0 0F(:,0)=0

4. Runtime

t subprovlens = O(aw)

time per subproblem = 0(1)
Overall = 0‘“‘”)

n spots for hrees, x; agples at
each spof. TE tree ot 7,
cannot tree at vl or i+l.
Find max # of apples

l-SuprDleM
DP(7) 2max H apples wu‘n]
s’of's W to |

l.

plant ot
2. Recurrence Relation ;

s Z
0P = ma {""‘ Sre

" don't
DP("D e?‘ﬂ::d i

3. Basec case
DP(0) = % PP(D= max(x,,X,)

"f.ﬂun{-?mc

H Subproblems = 0(n)
Time per subproblem = 0(0
Overall = O(n)

Ao"lcv ALO,...,V\'\] where n>|
and all pos iats. Find max val
of AD]-I-A[j]" 3,4-. Osng'(.n
l.DiVl’dc.‘S'lff array Mm half

2.(onquw:Ruunc to fird max val
in L and R (l and v)

3. (ombine ! Fnd max crossing val
2= max(L) + max(R)*

return max(4,v, 2)

Check £
Y. Runtime: d ea‘tfn l‘r\? ’

T(w)s2T(3)+0(x)
“1 rewarsive calls

(n) = O(n) work
Ow) wovk

(W) -
ONO & = On) wevk

logn levels w O) work eacy
>0(n-logw)

log. n
lc?:k




Backpromjaf["*&\/\

Suppese a -FMV\(,JHOV\ L-’LCX:,XZ,..-,XA) that o{epcmds
on  Manyg varitables and we want to ycw“ al)
partial derivatives.

Tdea: Represent L as a directed, acyclic graph.
Source nedes (_M—oley/‘c& O) art mpats (,Xu?‘z, %y ownd
tonstants.

Ini—efvml nodes storc the vesult of +he opem*fens,

For example, o wolde migot have and 4,b as inputs
and  an  addition e,aarw}hm so F shres czarb whicy

it passes H,./\aqﬁm its  outpud edge.
Owtput node COMW[WW&C 0) represents e oubput L.

16 thevc a child of «.
The souwsce

s an ad-ye U—=v , 4 T

nodes  are lE'.o\,\frs/ tue Butput nede 3 veof.

FOfoual/‘d PA55—(9.M¢)‘4+3 e valae oF ecach nede Fvom
the mputs to Yhe 9W+Pu+,+3“gw,~ﬂy *oloolej;‘cwl 8 e

Cost: O(IVI +(El) , eachh neode
edge @ traversed once.

s Visited  ohAce,edeh

Backwara IDGS§—CGW\F7M('C the gm,dicw{raﬁf for eacly

Paca|le | Al\?@:fﬂ"/\ms

graphs .

Spon

Sgcadwlg ( 52 = %; Mox s,oéw(,ut,o s p

MOJ.@I Pavallel algor{fhms as directed Mﬁch‘c

Nedes- represent o unif of compatation

£ &s~r‘c‘0/&so/ﬁ— a depawdemg,whfo(/l 5 A Constaaf
hat forces one Lomputation to come before
anothen,

Let TPG+TML to Linish the 00!4'1}0(/1'}‘0»4"\0% oun
P protessors.
Work =T, = B of yertives ™ 4ne DAG.

-1 processer , no  parallelism

~TP zwepk/'a =Ti)p , best case scenarm.

= T = leagthh  of g 19m,ﬁzss+ Avected f)q'f-(,,
N the DAbLGritical path)
~ Count™ edges tor leagth.

~Lonnpt do better than Tk

Cavry Lookahead Addition

\Y%
®é0/v\‘pw(-c_ and p for ecach bit pwsition 74
poraliel (6(1) span)
ﬂ,.:a;AND b; pi=a; XOK b;
L7 voth a; and L ta b
b; arcl

@ Each bt Vesff—r\sn ﬁc’rg a 2x2 matrix:

(5 7)

Use pam“@l p/&f?x o do  matrix rvm)f/p}r‘caf/‘dn

ond Lom,ml"c Mo =¢,
MICHD:(Z
So yew will have all carvy bits  a 0(107 ) span,
O(/\) wo/‘k,

() sizai X0® bi KOR ¢,
1 it odd B of 175 0 f even.

b

Ty

- Measuve 1‘\0(/-7 we ll eacly

Eftcicney (E,) =
~ Ry

Porallelism =T Hiyh parablelsu , processers can

processov is utilized. Perfect eféicioncy =1, Ep <l

;f—av bwsv.l/f)wm porablelisny  meaas the alyom’f'hm
is masf/j 5eqm,e¢4+/‘otl.

Qr@vﬁ‘ﬁ Rule = Runtime Tp & ,ITO'- + Too

3-for-2 Trick - Coarrg Some

node u; i revevse topolggical  erdes !
Lontralize % =], the oufput wodes /Jaff—m/ Adevritvufve

i L oL O

<= = L \Jj

For T=n-l,n-2, -, 4 dai uy € parenh («i) 5'; EI
After  the pass,eaclt node steres the covect
Pwh‘dt Aesiva Five.
(o5t OUVI*—\E\B,WL\ nede s visiftd sace and eacl
edge TS traversed once.
Fost  Fourier Transforms

I’oleq.'f"'wh‘i,o{y Fwo potdno,mm}_s ﬁﬂe‘ﬂfvef quitkly

[y ree d can be defermined by Tts
values ot del Famt—s.ff ou kwow what +he
polgnomial —evaluates +o “at drl Arstiact points,

you can fiad ont fhe loo[\ynom?al.
For wmul+iplication : T gou  waat (D)= A(<)B(x)

and  you already kwow’ A(xi) and B(x:) af a buncy
of V"O'\"h X, od  can caleulate  ((xp)=A(x:) B(x:)

olynomial

Three  bit aumbers X, Y Z We want to vedace
fhom +o two numbers S aud ( st S+l =X+YZ,

in constant time on n precessoss.

Take
0 and 32

bit positizn k:add X, Y 2 sum s befwecn
o 'FO/‘W\'G,‘{' Cpdk-

Su=xe & Yk @ 2, CX.Oﬂ— odd number ot L =1, even ;O)
Ck:w\a\jol‘ﬂ-a(_xk,jk,a()l 1 76 2 out of 3 are 1,

Sp s pLacaJ at position k of S
at kil ofF C.

av\d c K s ,9 la&zd

Lfmew Pr‘owamwl n j

J
COV\S‘]‘WWLJD‘ a ]OfOﬂ"O\WJ that moaximizes ¢
linaar olojéctive  Fiinction given & set of livieav
Constraints

|> De fine
2) Foad  constraints and ob‘)‘cd—/‘v& functron
Ob‘)‘wh‘w_ Function

owr  vagrables

Form | mox  €,%, +C; %t .. +Ca%a
st Ax<b lonstraints
xX20 Alu/qys needed.

Objecttve  Fungton must vmowimize . Pf gou  want
o minimize, wegate the Functron,

(,owé’\“ro,?«ﬁ must+ hat x4 sinee ou are
Mo\xrmrzwt?,l{— z,wmlhpy both svdes by Y-l

Feasible  Region -sct of poits that satisfy all
tonstraints v

—&mible.‘ there exists a4t least one selutron that

Satisties o ” constraints
-uwateasible: theve 3 we Solution Yhat satistres
all  constrarats

- unbounded: feasible region Ts open ond extrudy

| Pk points %o, )Xoy  Fhat witl  construck C(x)

2. Evaluate  A(x) and B(x) at these pomis

3. Multiply the valwes +o 3:1‘ Clxa)=Alx:) Bx)

U, Taterpolate  +the 24 poats o Lnd the ceefficrents
ot C(x)

Nin Roots of Unify- the n complex vnumbers fhot,

when razed t the nth pewer,equal | They ave:
wk - CZ'lT'n'k/n {9/_ k"—' O, \, .w,Y\"l
The squoves of fhe afh veofs are just the (w/2)hy

e 2Tk ) (nf2)

roofs, Q,uk)l: eZTik-2/n ,

@Onmp fe n o vows o ‘}*v'v\plcs and qpply

@ Add the 2 rows

Tnteger Multiplication

O Compute pactial prducts(get to the step of
V»eed:‘«\g o sum c&/&/‘y%{m‘ng}

the

3-tor-2 teick o cach triple sl tancouo ly. Repeat.
Bach roond  Fhe H 0f rews shrinks ¥y o facte.
ot 2z Afte O(logn) l"vo\,r\dgfyeu have exactly

two  rows,
Using oy loskalead, whriz b
takes 0(1og n) Hme.

Tofal Span = O([oj w)  Totnl Work= O(n?)

to P fally T some derection
constraats o 3e+ the uppev

ola‘)‘eo*f*?vt function.

Dual -combines The
bound of Hie
- Weak duality(always holds): the optimal valuc of
fhe dual will be “an apper bound o fhe opfimgl

valae of the primal.
- p/n‘/vml objective = dual sbjective

-.5‘|’r0;/\y duality (F peimal 75 feasible and wot
mnbawy\d,e()‘>; The daal op+"~\nl value equals the

So Squaring the w pemb gives gos w/2  Aistiack pomts
Whewn yom 5pLN’ A into even and edd coefficiears

AC&) < Aeven Cx’) + X-Aadd(x‘)

FET (A(x),0) evaluates A(x) af the
(Amf#y.

nfh  veets of

Polymomral Multiplication :  a & degree ot AP (x)
®P¢1k the nth reets of unity to construct ((x)

wheve d 3 the ree  0f The “product. Round wp
neowesy powel  © 4-50,

@E\/alvtcd-c FET(AG), n) and FFT(B(x),n) to get
valwes at nth veois ot uaity,

@ f"}mH-ipL correspond pats of values o get valae
f&p/‘csc‘?/d-o\}ron VD{' ?Cx) 3

@ Use ‘nverse FFT=J,,T FPT (((x) valaes, w™) +o get

coetsicrents., N Awe ¢2Tiln
Grvrete normalize  S2E FFT w= e

Runtme : 0(4/\ Iij) +0() +0(n loL7 ) —“—OCV”SL? n)

@ Ra,mrst—ﬁampmf—c the pm-f?;c Scan pf 7 vewrsively.

Paralel Prefix (Scan) = 01N vl d= entpuis parharor,.

Takes a sequence and an associative brna
0,08:/‘&"’0/'(0.&&,[4—70'1/ mm,/?"/plf(a,fﬂ’m/ legveal AND/DR, m/\;v],‘mdl/t/]/
maximam , GLO, matrix mal +yplitation, ete.)

n

(jK:x‘axz 0. .9Xy , k=1,2,...,

O Reduce - paie up adjacent elemeats and compute
2y = Kokt 0 Xz for k=1,2,...,w]2 where o0 B the e,oe/*a,foa
This takes 0(1) span all  patrs arc depeadent,
50 Ve OMpU Fafions happea  0u A rffesent
processors.

Since
can

Let g' denote the resalblgizZ o2 0 .08=x 0% %y
Jo %’: z,2x %2 =Y,
R e A D

)
Yo 22048 25 X FXak gy pxy 4y PR S e
i

5 Yo B The prfix of the orighal sequence upt  posifsa ZE,

S0 we cop 751“ all even i1ndexed osatputs for free.

? i )
Shp2  Shep3  step ¥
Algorithm Work (T) Span (Tw)  Tolea
Parallel Prefin (Scan) 0(w) 0(10‘7 n)  Associativity
(arcy-Lookahead Add O(n) Ologn)  Linear cecarcence prefis
L\l—e@w Ma brpyicatipa O(ml) Oﬁlffj n)  34erl  +scon

) Expand ~Recoves all ontpats

EJM indizes: {72(( =l7]|<
Odd adices: Yaker =;j‘s< L

Al 0dd-indexed oatpats  Can be  computed at the

Same  +ime, so  O(I) spowa .

Work = OC”) spmm = OC[OJ V\)
T,(V\‘) = T,C/\/Z) 4—0(;4) Tw(}’\)l Tm(W/Z) 4—'0())
This  algorithm  does wo more work fhan oo

Sequential aljar\m»m.

primol  optmal valae.
e Pr/‘Ma.I s maxmizaton, dagl s minmization
Dual Form : min yTb

stoyTAzcT or Alyzc
420
Sfmgolex A|gorr+hm—5oh/¢> | neav program
®5+arf at o vertex
@ For all nefjhbvr,‘ng vertices

-TE theve exints o wneighbor value = Current
valwe , repeat step 2 with wneighbor.
- Else, carvent vertex s optraal valae.

Runtime | 0 (Z ™)

Lineav Programming Example

OV‘FJ‘MI Solatioa -

Primal LP: max %, +bx,

st x,2200 (180,300) = 1900
x, 4300, Solve by Simplex
X, +X 2100, algorithm.
Xl/YZZ O

For cach  Coastraink, assign o value y;:

9, 200
Ye X, 4300
Ys %X, +x, 4100

LBSReplnce the coefficcents of
¥, aud  xp . X, 75 mvdleed ™
Y, and g3 X2 s invelved ™
Yo avnd y&Thwu{—sr‘ei

KHS: 2005‘ ¥ 300’& 4-'10073

<

(g 798) %, +(g2+y3)%

X1+ by,

2003,*—3003; + ‘40873

Dual objecttve function
2 minimize.

Daal

constravntx,

Ytz =1
‘jz*“js?é
Yi,Y2,9:20




gq(.kpf@@@gg#% Examp/e

(1) w=(s) WG W Gekn oy, s

Pertorm forwardy thea backpropagation to compute

% JL L af A L
/5 2k b L2(f )

L

@/ {‘?D:WZl’I L___(|~7\ "‘JH‘MLJ‘L

@,/’

FO‘/\WO—V\O\ PM,SS :

s (5)(0): ()

glwlh:CL l)<§) - 9

L<(1-16)"= 36
Back Pass:
ng =2 (§sara) = 2(471)=-12
% - 3\;;’: “NWas (2 )= (24 <)

J
N _L.a_hﬂ;_h%_%__zzw(;; -1 (Y ?):(ﬂi@

<)

=
<
o

.,
<

Linear  Programming

U ~ ) A
Minimize To0d cost while VV\(’/GH/Ij da,‘[fj nwted Froug)

M AT IS . p/a{‘u‘/\ Carb_s Bt
Maat b5 500 0 5§00
Bread b2 So 200 25

Shakes 44 200 16D 260

LP L omin 5¢/|/\+ Zb + L{.S £&—min (o5t ! cost pev Fen, Frares
amtof  [fem.

st 500mrS50bL+300s =Soe0
3000 + 160s =z 100
560m +25b +200s=2400

M, b, 520
Dumli
500m +50y +300¢ =2 560
C 300b +(p0=2 OO
£ SOOM+2Sb +200s 2400

!?HD.‘S@OP +(100L+490 ¢

LHS: m (500, +S0OF) + b(50p+300c v 256) . > (300100, + 280
= O by Us

Duall Moax S00,+100c+460%

s.t. §00p+500F 5T
50p 300 +25€ ¢ 2
300p +(6D¢ +200¢ =4

P.t,£20

Paralle | /Hjorﬁ"hn/m Example
Givea  a s‘f‘rl‘nj of 2a partutheses determine of ks
vald (GVW‘J open parea 1> matehed to a lafer close

”)OI,J‘GV\:) n OCV\_) work and 0(;\,49’7 ,4) Fimve

@BWHO\ an array wherc ‘(' 5 orl and ')IB | You Coan do

his v parullel.

@Cew\[pu\fw all prefin sams ™ pavalilel usin g pacalle| pretfix
algorithm This will compufe Hhe MMantag sams up | The
Cnsren p s iHida. If any of the pretix sams <0, there 3
o unmatched (lose pasen se F 3 tvalid. The firal sam
Wmust be 0 50 gl Pn/‘cw‘flﬁ-&$i§ are  paied.

Workz 0(n) stace Time=Span = OCI w) sVce
pmm“c( r’)/@'{'/‘x pW‘O‘”C’ p/t",-f-")v ‘}vkﬁs OCLG;/V\,)
docs  O(n) werk, frowe,

FFT Example 1
Let ple) =T bon) with dbthct ook v, opn,

p (x) Canxd dp s ra,  Give an algorifling o compy te
coektiiens a,,..,a. and shew Tt vuns n D(VI 103Lv\),
Oiven the wn reoh, 5Plf’i’ them i~ Two halves. Aecasse on
ceaclh hmlG \)IV\I)';I 70:/\ veach e  base caye Ulhe‘/‘k each

halE has 0/\'j 2Ane TCQC‘\'OF, l’l'\GV\/ star c&/\r\bﬁm‘v the
halves  using FFT  maltplication,

@ T(a)= 2T(a/2) + O(w lag ")
llf?;;\ /6/\5 @ — E—%Z\ level does OC'/I log 1)
A

Loy 0 1oga) = 0 (wlog™)

FFT Example 2

Pm/‘mHQ,I Al,qofff’l/lW\s Exou/\npl@

Oivea  au  avra of 7 nambers,emove ol nejaﬁm

nambers and OVv'hﬂWi’ Yihe -/‘dW\,q,FAo‘/\j Clements therr
orfgiaal order.

eas il but s Aiffieg |t 1o )olq,ce each Svu/‘\/l‘ufw:y

elemén t.

@QWILJ o Ml‘/\-q/‘j arrdy P uwhere PLiT=1 7€ AL =0, else O.

@Comy)m’rc pre+r>< sums of P u,sflw ,oamllcl refix

® The pretix sum at 1 give ihe faz et Mdex +()
FDr caclh  @lement A[J in the Om'f‘pwf‘ o\,/‘/‘q,ﬂ

@D Copy each non-negative AL to owtpat ()] " parallel,

Tin pa/\awe[/#y@vl cowny  TMntF V\lﬁya']'rv‘e_ elements
Y i

Weork = @Cﬂ) Tiame }S/)a/\ = Oél&gm)

Given an  arra A o0E n mteqers where each value

iy befween 07 and n,defermine Tf any Hyree
QIQMEV\"LS (wff’h /‘f_'{)c{‘f:"f&m a,chvecl) gum To €xac+L7 n.

AL +ALiT+AlK]=n  is equivalent ho KAUT_ALI AL
Let €(x)= A AT, ALD, e x Al Whea gou munltiply (63,

Fhe coetfizient of x" 3 the Wan Yer BF wayJ +o
PTLK thee monomials  from  f(x) whose exponents acld

P nSo you can apply FET at the mth veots of
A where m23a and 3 g powesr 2. Then, tube
cacl valwe pontwise to  get value) ot £’ Tue,, apply

nerse FFT,Jv ‘;,\L" FFT(#({YJS Vd.(.‘/L@S/ C/ZITT/W\) [ /e L ovey
the cocbbicients. Check T thae coefficieat of =75

O_'\Ef— it >, there o o 3 clemeaty flhyt sum o n,
otherwise there s,

Runtime : OCV\ 103 ")



Zero Sum  Games

A conflict between +wo plagers where one layers
ain is the others loss.The " ot payov‘f alwags sums
to 0.

PajO{\C Ma‘}v‘[x G Raprasenfs the gare

06;3 :paynF(- to p](/‘ow Pla,yer) e P Pla,j_‘ i awnd

P2 Plﬂﬂ) Jpz pay> the VMVD“” so P2 wants

it low and P| wank if hiyh.r g ll> 5‘

For dxamplc,éo/ fock—,oapef—scrs,sor_gt el Y 0 -l
(-1 ¢« ©

Stra ’rcg:e; .

O Pure si-m’rew!alwa,ys play onse Fixed move(p=1 onl option)
(@ Mixed s’ffmfegy:plad cach wove with Some probability.

~Pls stra B oo veelsr x- [x %2 T where
®i= probabilif that P) P‘“js vow i Samc for P2

= Z x;=1

Expected Payoff:On any gives coand theres an -y
chance Pl “plags vou i and P2 plays cotuan j. Pl

érow plavc/) wants o maximize cxp“'}-cd ,oa.yoﬁ'f, while P2
Ceolumn Pl“}je') wantk to Mminimize expected payofe

Expected Patjeﬁ-= Z 6ijoxitYs
"

wifh J-

Exowwﬂ le
Bob
Pa,\cjoﬂ matrix . 12

A l?L(

2aro 5\AW\ Gamu

-

LC‘}- p= loadoH
Alice LP:

col

mAX P 1
st pein, +2x,
\Oé X.f-g)(z

Xy X%, =]

*,% 20

YotYa =1
Yio Y 20

SO\VM,J . l/x, 4—2,;(2 =X, +5%,
SX,:ng

X, 22X,
<X,+X,_=|
Xz +X, = |

2x, =1

X;;%,x‘=—;-

!
gLy 2(E)=2+1=3

Op tmal solution: x, =4, x, =L,

OP\‘?MmI value: 3

P:3

NP Completeness
Tj?cs of Problems:
(D) Optimization : Given
solutien (ﬁj min/mon)
O Search i Given ar mstauce T, fmd
or  state that wno svlutien exists
@DeLfs(‘ﬁul L Given  aan

s50lytion exists ov

an instance L, find Fne best

a Soluftoa K

instance I/ output '}/EJ" it a

Yno” if wnet.

Conjanctive Nosmal Form (CNF):A literal @ a vaviable
or its negatiem ke x ov ~x. A flawse s DR of
literals (x,Vx, V%) (NF s an AND of clauses. For cxample,

(Xn V'\Xz \/X;) A(“'X, vV X,_) /\(XLV Xz)

awn

Op‘l‘fmal wam{‘egy and LP Formulation
T£ P2 knews PI5s 5+ra+1:3y

and tha strategy wi bl

never change, P2 responds with Tha pare 5#»5,1‘.377(5-'@!&

olumn) that winimizes pay off.

So Pis P“ljo'”: W""’\J(Z{Gi“'xi). P\ wants +» moxiwize

this worst case. TOD  can be vepresented as an LP.

Pl LP( Maximizer):
let 2= Pls 3wa-ran+£ed i Tmum )oa‘zje{-é

Mmox 2
s+ 252&;J'x| for every  <olumn

27(:"
ISR

P2 LP(Mivimizer):
Let w= poyeff

min w i
st w2 Gy Y for every row:
N
AP
7
Y; =0

Minimax _Theorem

P|/$ LP m/\,d PZ’S LP ave olwas e{' Ca.("\ other.
Bj LP qu'”’y,{'hej have The same 0,0‘}:‘/1401) value v =
the of the game.

\/a-‘we
MOX QM MJ (?3 Gy % 'j;)) 4 "‘“"‘y (mooc,‘ (‘% fiyy oxi -93))

This wmeans Yhat it deesn™t matter who anvonuces

teais strategy first. T8 both play eptimally, the cxpected

payoff s v
To +ird v, solue  either LP, tui> gives v a4d the mixed
5‘[’/‘4 cgj

ro/‘ a 2x1 ,oado{'( matrix, gon con solve by setily
the 2 consbramts (._c[m((ﬂvcse ones —> zg 5 byoxi)

NP Complete
SSAT:

Given o boolean formula a (NF wheve every ¢lanse
has 23 lf+£/‘a15,‘f:7m,rﬁ a sm.{‘fbfjil/rg truth  assigamen
or /\gpe¢+ none ECxists.

Problems

Tudepradent set:

Given o graph G=(V.ED and integer k, find  a set of
k vertes Ys.y no Two ave Connected by an edge 07
veport wnose exists.

Vﬁv‘h’,x Co\/e/‘.

bGivea a 3/‘th G=(v, €) and Mffjcw k, fiad o sel of
k vertices s.t. every edge has at least ouwe eundpornt
in the set, o v‘cpe/“l- note  exists.

Cl?c{m‘.
Given o vaph 6=(CY%E) aad fn‘fcyew k, fiad o set of k
Vertizes Hiat ave {—v\ll\lj convected, or veport veue exists.

Rudrata Cycle:
Given a 3/‘01'9'/\ G=(VE), Lind a ch[c Yuat visits every

vertex exad-lj once, o0 report aone  exists
TSP:
Grven o complete r.zpl«\ 6 witw edge werghts awd

budje‘f’ b, 4ind a cycle that visifs every vertex exac’r}d

pace  with total cost cb, 0 report Aone exists.
Subset Sum:
Gren a set ot inteqgers aund Yarget 4, fiud a subset

Exomples of search problems

SAT: Given o boolcan formula m (NF, find
truth asss‘gwmcw’r or repert that noue exists.
’“Z’SAT Cclauses
'S'SAT'. tlanses

Search TSP: Given a raph G, ¥ind a cycle that contatns al)
nodes cxactly ouce —with total (ost ¢ budgetr b ov report +uat
hOAe  exists.

EMI&V/RU.AV%’M Path:Given o gf‘ﬂ‘pbl 6, find a Pam toaat
Contains —every e_olge Jvisits evesy vertex exactly ovce

Emlew/ﬂmdrmi‘m Cjc(ci Given a /‘ﬂfl'\ &, find a cycle that
Contains evcv:j ed\ge,/visin “"“’y vertex t’_xacH\y bace.

a Sa.+fs{y fng

with 22 |iterals
with £3 Niterals

Reduction

Polynomial +ime a!gorffhm that Hransforms  an
instance T Lrom prob lem A ato an instance T For problem B

instance T
of Provleam A

tnstavce T

"‘deo}?ov\
ot Provlem R

vn

Problem B

i\
[solution +o T'] 220

solutron to In

Problesm B s at least as hard as Problew, A

Redwetion Proof

D IL trere s a solulren for Mstance T, tueve waust
exist o solufen  Lor iastauce L.

D IF there 5 a solutron for imsfauce I, there magf
exist a solufon  for iastance L'

Complexity (lasses

Maltiplicative Weights Update (M)

Simple,ifc/‘a}zvc aijorffhm that constructs optimal
Strategies.

Pll-‘a m YowsS ave “cxpew)-:-/'. Each cx,ﬂa/‘i' ﬂc"é o wcFﬁL‘

w; .
@Tmha[fzc Wei&hh w; =l for all rows i.
@ For cach round +:
- RCA PO N
Ori plays mixed strategy = 2w
k

=~ Finds the vatio of row i's we/‘ylfﬂ' to tle

Lotal werght. This ™ used as the probakily

Lor vow i for tais vound.

@
@ P2 lest responds with \'](*)=“'fﬂ‘””'\"‘&(|éxi “6i;)
-P) sees Pls full mixed strutegy For each
Column Js P2 computes the expected paget+
‘éxim'ﬁ;s. P2 picks the column § witt fhe
minitam payott
@ Opclcn"c we f\y)ﬁ tor w0z w"&)'C/"é)
1 choald be gi./m
Om‘(‘Pulf )7:‘* fixm&n\,{_ ttme ax/c/\agml S*c‘a‘l’cag.

+
(-GigeD) < eond Brebed

this reund

of S fhat sums to exactly +, ov fcpe/“l' wone exists. p: Pfoblew\ that can be solved i1 polynowmial
20F (2ero One Eq[ua-}v‘ans): Frme.
Given 4 matrix B and wecter b, Tind a 0/ vector x st NP: Problem i which o candidate solution can be
Ax=b, ov repsct none exists. Le”/j ewtry 5 lord thecked pob nwomial +ime.
2D Matching! NP-Complete t An NP (omplete problem s owe that every
Given Favee ~ disgjommt sefs X,9,2 ecachh of size n awd a et problem n N¥ can reduce to.
of +riples TeXx¥x2, find n triples from T s.4. every N
element of %,Y 2 appears in Cxactly onec triple, 00 veport NP-Havrd: Problem that = at least as hard as an -
Aone exists, (_ompld’a Pmblew,
Reduction Toee NP-complete Propt
¢ n
Arrow means veduces 1o O Prove that prevlem s NP
All oF NP ~Show a solution cau be verified i
. fol,dvmmfal time.
SAT @ Prove that  problemy s N¥-hard
. - Reduce  an NP—CoM'oLchL problewm +o tne problen,
3SAT
,_/ Hovd problems (NP —comp lete) Easy pvoblems (Gin P)
fm’za;eﬁdw’f 30 Matching 3SAT 2 SAT, HHORN SAT
% 1 TRAVELING SALESMAN PROBLEM | MINIMUM SPANNI NG TREE
Vertex C&f LONGEST PATH SHORTEST PATH
Cover lique 20€ 3D MATCHING BIPARTITE MATCHING
b >N KNAPS AC K UNARY KNAPSACI
Sabset  TLP Rudvatn (yele INDEPEN DENT SET INOEREND ENT SET on frees
Sum JJ INTEGER LINEAR PROGRAMMING LINEAR PROGRAMMING
Tsp RUDRATA PATH EYLER PATH
BALANCED CUT MINIMY M cUT
Reduction Proof

"Prove X e NP-Lomplete, You My wse the fack that

Vors NP-Lomp lete ™,

S{'cf.s‘.

(O Prove X is w NP Given 4 propesed solution, argue

it vuas in  polynomial Frme.
@) Prove X s NP-Hard by v educ g Y te X
~Descrioe tue Fromsformation !Given an stance T

of ¥, describe how to cesstruct an instavee T
of X s polyaomial time,

- Prove
Solu+ron, show

correctness Torword: Assume T hos o
how It \77\165 yov\ A& solutton +e T/

-Prove copvectness backwavd: Assame I’ has o
sola biow, Show how o rccovev a solution to TI.
—-A/‘ng. PO":leoW‘fdl time:State +hgt the
Fronsformation takes polyaomral  time.

When does P=NP?
@D Tf an NP-Complete problem
poljn’om:‘ql e

@) T€ qou cam
a P p/‘ObI,CM

can be solved n

reduce  auv NV—Caw.’p[ah 'omloteam to

Reduction  Example |
Reduce vrudrata path to rudrata  cycle
Rud rata pa.f'/\ C6iden  G=(VE), fud a paf'h

that

uisite every vertex exactly once
Rudrata caclatdivu\ 6=(vE) tind a ecqcle that
visits euazfy vertex exdctly once
Given  instance Eff]moﬂ“ 6=(YE)
Loastruct tnstance I':add a vertex that
connects 4o all vestives
Vse rudvrata tytle problem: Finds  cycle with 41
vertices

solution’ Remooe gdded vertex amd
conmnected @alﬁ(% b ed u
with q pa(’b\ taat usey  all vertice

Fimdf/tj



Reduction Expgmple 2

Prove +that Indcpandem‘ Set i3 NP-Lomplete. You may
uie ¥he fact Fhat 2-5AT i NP-lowmplete.

5+¢P 1t hiven o proposed set S of k vwf—?cengr? vo fwo
¢have an ad,ge. This 5 O(k2), e hien i3 polva‘m,'q, i

5}-:#) "
Givea: A 3SAT formala with k claases

For each c[aMJe/ create a +V‘r‘awﬂ|6(§ wodss, one  per Litesa),

all connected to each ofnes) Thea add edges vetween
a Jiteral and its naﬂa,fro/\ acress +/‘?M7L65,

(laim: The Formula 5 satisfiable «» the graph has  own
imdegeadeat set of size k.

Fovward > TE The formula s 501{.‘5{:610[5/ pak onc true
[iteral £rom eacht clause. Those K vodes forvm an
fnde():ﬂdanf set since ns two are N the Sawmec +/Far‘1j(e
and | no two are coanected acress +/‘favt|7|«ﬂs.

Backward : T{ titre’s an indepeadent set of size k of most
one node per +”7M7l=’/5° one literq| pes clanse i
picked. Assign tuose! Viterals os Fruc. There & wno
Contradiztion becanse a litcral and ik negation can’t
both be ia the set becanse ot fuc cKoss trmagle
edie"

Haslﬁmg
A I/\o\s[/\ fuanclion mays elements From a4
Yo m backets T4 4wo elemeqts land 4 the same

bucket, its o (oliision, and twe bucket becomes o Livked
list. The cost of lookup[snsert)delete s pra,aom‘ron«l o the
lay\j-ﬂ\ of +he linked s+ at faaf backef.

large universe

Hoslh  Lincfions

ave random so that i"/\cy cant be
c,<‘olof+eA w/

spedtic  rnpa ts

Hasu  Families

Universal Family: A wasi -Faw\.‘[y H /s wniversal 6 for even
pis of Aistct k&lys ;(;y:

P(he) :MCﬂ)) ﬁ-y_::\

Collision probabv"lﬁy

(
B wm at mest

Pa?rwrsqrrv\,r/lepcndem’f €ami)7:H Ts pawwite .‘Adepcndemi— it
for every =&y ond every ab € set of bLuckets:

P(n(x)=a and h(y)=b)=a

h(x)\md W) are waiform, tey are equally Iikely to eud
ap TA any of the m  Yackets. Also hix) and Wly) arc
deepeqdem-.

Pairwrise independence  tmphies aniversality but not

vite Ve/sa.

For any q,we/ l“,j x and w ijs, tive expected wnwmber

Lookupz O()
ne [v]— [(wm] where

ot collistoas s wjm.

Uni€orm = all fanc trons

P = (k) =4 TRAK

E[%wvy time]= OC z Y’(A(k);h(k'))) =0(1+2) =000
-—— 1\

| «
Lompuk hash 1k

#t 9 collisipas m2n

Hash  Function Praper+7cJ

O Petermiarstic: same input always gives Hoa same
be " output P 2 J
@ Fast: expected query time (Msertioa /deletTdn) should be
o
@chl distriputed : Aréeereat inpatbs spmad roughly
wniformly  acvess [m] 3o collisions

ace vase

*mz=n

SJrreamMg
You sCe  a sequeace of elements x,,..o%n
time. Yoo can saly store a 1‘:‘43 amsant of dald.

pae at o

So&m‘l‘sz\: Pri)cw each
aNswer at the

element aad disca~d 7, and output

an end,

Smee:O(le n) bits

Rundime b O+ runime po clement)

(oant-Distinet Problem

6 ven

a stream, count +he number of distinct elements .

Use Min-Hagh Aldo»rsl—hm :

For o pairwise tedepeadent hash  family H -

® Pick W from H M/\Tﬁ)nmlj at vandom

® Taitralize Vz

@ For cach streom element x, set Vzwr‘n(:V;MCK))
@ Dutput d= B o) mew of buckets

Whg “ woerkst The d {)smb e Scatfered warformly o,
[0/ MI.This creates Ael gaps, and the miaimum onc >'h
a B s, E[VJ:;’} = B2 mad-D -

—_—

el

H“S{/\flﬂj/SJ'feam/“w\? Examp le
%e# hU=£0,1,.. M1} bea poriro e inde peadant st
uaction .

») Sow that foc any fwo distinet elemen fs xt,

P(h(x)=h(ly)) 5 %
Stuce s pa.‘wwn‘sa indegeadent, for any ol & L)
Plwc) = o and hizl=a)= 5

Plnlw= hip=

There T W™ ,oa‘srfélg values of a so
T

(9) Using This  hash function, design  a streamin
algolibhm  that estimales o  anmbe~ of diFme
elements Tna strcam x .-, X, W59 0('07N) bifs of
hemory.

Algovittm

@P/‘ak h feom o« 'oo.erw:‘s<—m.ole'oemohenf' fFamily
H:U=fo, ..., M1} with M=N2

O Lartmlee V=m

@ for each siccam elesment x.5et V= min (V, W(ix))

@ Ouwtput (4:_7‘1\7_[

Memszy PStving b requires O(loy w)bits  qad 51-om\n7 v
requves  O(log ) b/¥s. Total = OCloy )




