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Carry Lookahead Addition

① Compute g and p for each bit position in

parallel (0(1) span)

gi
= a : AND bi Pi = a ;

XOR bi

1 if both a; and
1 it a

:
b :

D : are

② Each bit position gets a 2x2 matrix :

Mi = (P: 9)
Use parallel prefix to do matrix multiplication
and compute Mo = C,

M, · Mo = (2

:

So
you

will have all carry bits in Ollogn) Span,

0(n) work
.

③ Si = a : XOR bi XOR ci

& if odd # of 1s
,

O if even

Linear Programming
Constructing a program that maximizes a

linear objective function given a set of linear

constraints

1) Define your variables

2) Find constraints and objective function

Form : max C
,

X
,

+ CeXc+ ...
+ CnXn Objective Function

st Axxb Constraints

X10 Always needed .

- Carry Save Objective Function must maximize. If you want

to minimize
, negate the function .

Constraintsmusthavein youa

Feasible Region-set of points that satisfy all

constraints

- feasible : there exists at least one solution that
satisfies all constraints

- unfeasible : there is no solution that satisfies

all constraints
- unbounded : feasible region is open and extends

to infinity in some direction

Dual-combines the constraints to get the upper

bound of the objective function.

- Weak duality (always holds) : the optimal value of
the dual will be an upper bound to the optimal
value of the primal.

- primal objective = dual objective

- Strong duality (if primal is feasible and not

carry lookahead
unbounded) : The dual optimal value equals the

primal optimal value .

If primal is maximization
,

dual is minimization

-Given a
,

b, c
,

d : outputs a
,
atb

, arbic ...

Dual Form : min yib
S.

t . yTA = CT or ATy = <

y = 0

Simplex Algorithm - solves linear program

& Start at a vertex

& is degree of AlB(x) ② For all neighboring
vertices :

n
- If there exists a neighbor value > current

where dthdegree of the product.

Round upa value
, repeat step 2 with neighbor.two .

- Else
,
current vertex is Optimal value.

Runtime : 0(2")

Linear Programming Example

Primal (P : max Xi + OX2 Optimal Solution :

5 .
t

.
X

,
1200

,
(100,

300) -> 1900

X2[300, Solve by Simplex
X, + X 1400

, algorithm.
X ,, X2*0

Expand - Recover all outputs For each constraint
, assign a value y ::

Algorithm Work (T.) Span (To) Idea Even indices : Y2K = Y's Y X
,
1 200

Parallel Prefix (Scan) O(n) Ollogn) Associativity Odd indices : Y(K + 1
= Yi 0X2k + 1

Y2 X21300

--Carry - Lookahead Add O(n) O[logn) Linear recurrence ->prefix All odd-indexed outputs can be computed at the
Y3 X

,
+x 400

-
Integer Multiplication O(nY Ollogn) 3-fort + scan same time

,
so O(1) Span .

LIS: Replace the coefficients of RIS : 200y ,
+ 300yz + YO0ys

* and Xz .

X ,
is involved in

Work = O(n) Span = O (logn) y,
and yo . X2 is involved in

↑ (n) = T
, (n(2) + O(n) To(n) = To(n/2) +O(1) ye and ys. Therefore :

This algorithm does no more work than the
(y ,

+ yz)x ,
+ (yc + yz)X = 200 y ,

+ 300yc + 400y3

↑sequential algorithm .

x ,
= Gxz Dual objective function

to minimize
.

Dual constraints : y ,
+ 93 = /

yz +y = 6

Y, , Y2 , Y320



Backpropagation Example Linear Programming
Minimize food cost while meeting daily nutritional

x = (i) W
.

= (s) We = (21) n =Wix Y = Wih yorue = 15

minimums.
Protein Carbs Fat

Meat $5 500 O 500

Perform forwards then backpropagation to compute Bread $2 58 308 25

of L =-yar
Shakes $4 308 100 200

Q
- h =W

, x

-Wen
LP : min Sm + 2b + 4s = min cost : cost per item times

amt of item.

④DL-b-yorne 5+ 500m + 50b + 300s = 500

300b + 100s = 100

500m + 256 + 200s = 408

Forward Pass :
m

,
b
,
10

n = w
,

x = (3)( ! ) = (3)
Dual :

y = Wah = (2 1)(3) = 9

L = (9 - 15) 2= 36 p 500m +506 +300s7500

2 300b + 100s : 100

f 500m+25b + 2005-400
Back Pass !

RH3 : 500p + 100 + 400 f

= 2(y-yerue) = 2 (9-15) = 1 2(tS : m (500p +500f) + b(50p + 300c + 25f) + 3(300p + 100 + 20
= 5m+2b + 4s

=- 1 . (h , h) = -(33) = (3 %- Dual : Max 500p + 100c + 400 f

5. +. 500p +500 + 15

& = -12 . W =(2=
50p +300 +25742

300p + 100 +2007 = 4

p, 2
,
7 = 0

FFT Example 1i) Let p(x)= (x-ri) with distinct roots r
, ,

. .

., in .

p(x) = anx" + an-x"" ... + do
.

Give an algorithm to compute

Parallel Algorithms Example
coefficientsao

, ..., an and show it runs in Onlogin).

Given a string of In parentheses, determine if it's

Given the n roots
, split them in two halves. Recurse on

valid (every open paren is matched to a later closed
each half until you reach the base case where each

paren) in O(u) work and Ollogn) time.
half has onlyonefactorThen,

start combininga
halves using①Build an array where 'lis 1 and') is1

.

You can do

this in parallel . T(n) = 2T(n(z) + O(nlogn)② Compute all prefix sums in parallel using parallel prefix logen I & -> Each level does Ohmlogaalgorithm .

This will compute the running sums up to the

current position. If any of the prefix sums O
,

there is levels

ii⑭ work

an unmatched close paren so it is invalid. The final sum

must be O so all parenthesis are paired. ↳ :!

Work = O(n) Since Time = Span = O(logu) since logn · O(logn) = 0Jnlogin)
parallel prefix parallel prefix takes OClogn)
does Ofn] work

.

time
.

FFT Example 2

Parallel Algorithms Example Given an array
A of n integers where each value

is between O and n
,
determine it any three

Given an array ofn numbers , remove all negative elements (with repetition allowed) sum to exactly n.

numbers and output the remaining elements in their

Original order. A[i] + A(j] + A(k] = n is equivalent to xAli] . xA[i] . xALk]= x

In parallel,you canidentifyNegatinelementing
Let f(x)= XA[O] +xA(1]+... + XA(n-1 . When you multiply (f(x)",

easily the coefficient of X is the number of ways to
element . pick three monomials from f(x) whose exponents add

① Build a Dinary array Pwhere P(i) = 1 if A[i] = O
,

else 0
.

to n
.
So you can apply FFT at the with roots of

②Compute prefix sums of D using parallel prefix unity where m > 3n and is a power of 2
. Then

,
cube

③ The prefix sum at i gives the target index +(i) each value pointwise to get values of f(x)· Then
, apply

inverse FFT
,so FFT(f(x)3 values

, e-2i/m) to recover
for each element Ali] in the output array. the coefficients. Chesk if the coefficient of x" is

① Copy each non-negative Ali] to output (+(i)] in parallel
.

0. If it is
,

there are no 3 elements that sum to n ,

otherwise there is
.

Work = O(n) Time-Span = OClogu) Runtime : O(n log n)



Payoff matrix :

zero sum

GarFon bob co:

prices
TLet p = payott

Alice LP : max p
5 + p = 4x

,
+ 2x2 row

2 sp= 2y ,
+ 5yz

p = X
,

+ 3xz4
y ,

+ yz = 1

Xi + xz = 1
Y1 , Y = 0

*
, , x220

Solving : 4x
,

+ 2xz = X
,

+ 5x

3x
,

= 3Xz
X

,
= Xz

I X ,
+ xz = 1

X2 + Xz = 1

2xz = 1

x = E , x ,
= t

↑ (z) +

*

2(t) = 2 + 1 = 3

Optimal solution : x
,

= E
, Xz = E

, p = 3

Optimal value : 3

NP Complete Problems

3 SAT :

Given a boolean formula in CNF where every clause
has 23 literals ,

- ind a satisfying truth assignment
or report none exists.

-

Independent Set :

Given a graph G = /V, E) and integer I
,

find a set of

1 vertices s .

t
.

no two are connected by an edge or

report none exists.

Vertex Cover :

Given a graph GV ,Eandinteger k find a sto
at least one endpointk vertices S .

t
.

in the set
,

or reportnone exists
.

Clique :

Given a graph G = (VE) and integer k
,

find a set of

connected
,

or report none exists .vertises that are fully
Rudrata Cycle :

Given agraphG(finda Cy that visiteasy
Vertex

TSP :

vertex exactlyGivencompleahwedgeweightan

s

on (S

Subset Sum :

Given a set of integers and target +, find a subset

none exists.of s that sums to exactly +
,

or report
ZOE(zero One Equations] :

Given a matrix A and vector b
,

find a 0/I vector x s
.

t.

& everyentry is 1000Ax = b
, or report none exists.

3D Matching :

AnNP Complete problemisone
thaeyis

disjoint sets X
,

Y
,

z each of size n and a setGiven three

of triples TEXXYxZ
,

findn triples from Ts
.
t

. every
element of X

,
Y

,
z appears in exactly one triple,

or report
none exists.

Reduction Tree

Arrow means "reduces to
"

All of NP

↓
SAT

↓
3 SATFor a 2x2 payoff matrix, you can solve by setting

/the 2 constraints equal (these ones -> z][Gij · xi) L

Independent 30 Matching
Set

↓Vertex X stique ZELover
-
C

Subset It Rudrata Cyste
Sum

↓
TSP

Reduction Proof

"Prove X is NP-Complete .
You may use the fact that

① s Y is NP-Complete".

- Finds the ratio of now is weight to theSteps :

total weight. This is used as the probability @ Prove X is in NP : Given a proposed solution
, argue

it runs in polynomial time .for row i for this round .

by reducing Y to X :

I
② P2 best responds with j : argmin ; (EXGij)

② Prove X is NP-Hard

- Describe the transformation: Given an instance I

of Y
,

describe how to construct an instance I'- P2 sees Pls full mixed strategy.
For each

o X in polynomial time
.column j ,

P2 computes the expected payoff
- Prove correctness forward : Assume I has a

& xGij .

P2 picks the column j with the
solution

,
show how it gives you a solution to I !·

minimum payoff. -

ProvCorrectnesbakwardAssumzFas0 I(- Gij(+) < Entrypres
③ Update weights : wist + 1)

= wit .(l- should be given
- Argue polynomial time : State that the

transformation takes polynomial time .

Output X = # Ex - the time averaged strategy .



ExampleHashing/streamingReduction Example 2

Prove that Independent Set is NP-Complete. You may Let h : U - 20
,

1, ... m-1 be a pairwise independent hash

function .use the fact that 3.SAT is NP-Complete.

Step 1 : Given a proposed set S of vertices
, verity no two a) show that for any

two distinct elements x*y,

P(h(x) = u(y)) -> Inshare an edge . This is OSK) ,
which is polynomial

Since his pairwise independent ,
for any a

,
b [m]

Step 2 :

P(u(x) = aandh(y) = a) = mmGiven : A SSAT formula withk clauses

For each clause
,

create a triangle (3 modes
,

one per literal , There ism possible values of a so PCh() = hiy) = i
=all connected to each other) . Then add edges between

a literal and its negation across triangles · b) Using this hash function
, design a streaming

of distinctnumberalgorithm that estimates theClaim : The formula is satisfiable> the graph has an

elements in a stream X, ..., Xn using O(logN) bits ofindependent set of size K.

memory.
Forward : If the formula is satisfiable

, pick one true

literal from each clause. Those knodes form an

Algorithm :

independent set since no two are in the same triangle
& Pisk h from a pairwise-independent familyand no two are connected across triangles s

It : U -50, ...,
M- 13 with M = N3Backward : If there's an independent set of sizeKat most

literal per clause is ② Initialize V= Mtriangle, so oneone mode per
↓ hosepicked . Assign

because a & For each stream element X,
set v = min(V, n())contradiction litcasosthe Outpuaset becauseboth be in the

edges .

Memory : Storing h requires Ollogu) bits and storing V

Hashing & (log n) bits
·

Total = OClog n)requires

A hash function mapsa elements from a large universe

to m buckets. If two elements land in the same

bucket
,

it's a collision
,

and the bucket becomes a linked
list. The cost of lookup/insert/delete is proportional to the

length of the linked list at that bucket.

Hash functions are random so that they can't be

exploited w/ specific inputs .

Hash Families

Universal Family : A hash family It is universal if for every

pair of distinct keys xy :

p(n(x) =n(y))a
Collision probability is in at most.

Pairwise - independent family : It is pairwise independent if

for every x*y and every a
,

b Eset of buskets :

P(h(x) = a and h(y) = b) =m

equally likely to endh(x) and h(y) are uniform,theyn(x) and h(y) areup in any
independent.

Pairwise independence implies universality but not

Vice versa .

For any query key x and n keys ,
the expected number

of collisions is n/m .

Lookup = OC)

Uniform : all functions n : (U] e [m] where

P(h(k) = n(k))= Xk * k

# Caneytiwe0+ Puck = u(k)) = O=0

- min
# of collisions

Hash Function Properties
& Deterministic : same input always gives

the same

output

② Fast : expected query time (insertion/deletion) should be

OSK)
roughly③Well distributed : different inputs spread

uniformly across [m] so collisions are rare

· min

Streaming
You see a sequence of elements X

, ...
In one at a

time. You can only store a tiny amount of data.

Solution : Process each element and discard it
,

and output

an answer at the end .

Space : O(logn) bits Runtime : On-runtima per element)

Count-Distinct Problem

Given a stream
,
count the number of distinct elements d.

Use Min-Hash Algorithm :

For a pairwise independent hash family It :

① Pick h from H uniformly at random

-
②Initialize V=

⑤ For each stream element x
,
set V = min (V, n(x))

④ Output d= -1
,

M = # of Duckets

Why it works : The d points are scattered uniformly on

[0,
MJ

.
This creates d + 1 gaps,

and the minimum one sits

at So ELV]= => El ]d+ 1 = d= - 1


